Introduction
This work was intended as an attempt to introduce the family {(V (r,s) n ) n≥0 , 1 ≤ s ≤ r} of r companion sequences associated to the generalized r -Fibonacci polynomial sequence. According to the parameter s, each sequence of this family satisfies the same recurrence relation of order (r + 1) , with the initial term V 0 = s + 1 (s = 1, . . . , r) . The classical Fibonacci (U n ) = (U n (x, y)) and Lucas polynomials (V n (x, y)) = (V n ) for n ≥ 2 and x, y variables are given respectively by
In what follows, the sequences we deal with are sequences of bivariate polynomials of r -Fibonacci and r -Lucas.
For convenience we will use r -Fibonacci polynomials and r -Lucas polynomials. There are some particular cases of these sequences and we provide a few of these: Fibonacci (F n ) n , Pell (P n ) n , and Jacobsthal (J n ) n and their companion sequences Lucas (L n ) n , Pell-Lucas (Q n ) n , and Jacobsthal-Lucas (j n ) n , respectively, (F n , L n ) = * Correspondence: hacenebelbachir@gmail. (U n (1, 1), V n (1, 1)), (P n , Q n ) = (U n (2, 1), V n (2, 1)), and (J n , j n ) = (U n (1, 2), V n (1, 2)). For combinatorial and arithmetic properties see, for instance, [5, 6] .
Some well-known generalizations of Fibonacci numbers can be found in the following:
Dickinson [13] , S m = S m−c+a + S m−c (a, c are positive integers); Miles [21] , f n = f n−1 + f n−2 + · · · + f n−k (k ≥ 2 integer); Raab [23] , U n = aU n−1 + bU n−r−1 (a, b real numbers, r integer ≥ 1).
Definition 1 For any integer r ≥ 1, the bivariate r-Fibonacci polynomial (U (r)
n (x, y)) n , denoted briefly as
n ) n , is defined by the following recurrence relation
n + yU (r) n−r (n ≥ r).
For n ≥ 0 , we have (see [23] )
For x = y = 1 , the sequence (U (r)
n (x, y)) n is reduced to the Fibonacci p -numbers. Properties of these numbers have been studied by several authors; for more details, see [18] and the references therein.
In Section 2, we establish an explicit formulation of V (r,s) n and we give its companion matrix. Afterwards, we produce the generating function. Section 3 is devoted to some applications: convolution relations and sums of their general terms using the matrix method. Section 4 suggests the q -analogue of each V (r,s) n , s = 1, . . . , r . Section 5 is devoted to a combinatorial interpretation for r -Fibonacci numbers and their companion sequences.
In Section 6, we extend V (r,s) n to negative n s. Finally, in Section 7, we introduce the incomplete r -Lucas polynomials and the hyper r -Lucas polynomials.
The companion sequences associated to the r -Fibonacci polynomial sequence
In this section, we define the companion sequences family related to the r -Fibonacci sequence, and then we give an explicit formulation expressing its general term.
Definition 2
For any integers n , r , and s (1 ≤ s ≤ r), the companion sequence family of (U (r) n ) n is defined by the following recurrence:
The sequence (V (r,s) n ) is called an r -Lucas polynomial of type s.
Remark 1 Note that when s = 0 , we get the shifted r -Fibonacci polynomial.
According to [7] , for s = 1 , we name (V 
2)
We also get the explicit form for n ≥ 1 :
In [4] , Belbachir and Bencherif gave a formula expressing the general term of a linear recurrent sequence.
Lemma 1 [4] Let (u n ) n>−m be a sequence of elements of A, defined by
Let (λ j ) 0≤j≤m−1 and (y n ) n>−m be the sequences of elements of A defined by
given by (2.1), which corresponds in (2.4) to a 1 = x, a r+1 = y and a 2 
and then
, and λ r = −sxy −1 . Finally, we get for n ≥ 0 ,
n+1 . Applying formula (2.5), we obtain the expression of V (r,s) n in terms of s, x, y, λ 0 , . . . , λ r , and U (r)
n . We have for any integer n ≥ r the following:
In the following theorem we give the generating function of the r -Lucas polynomial of type s .
Theorem 2
We suppose that A = R or C for z ∈ C , the generating function of the sequence (V (r,s) n ) n≥0 , is given by
Proof We have 
Remark 2 The companion matrix of order
(r + 1) associated to (V (r,s) n ) n and its n-powers are A r (x, y) :=         0 0 · · · 0 y 1 0 · · · 0 0 0 1 . . . . . . . . . . . . . . . . . . 0 0 0 · · · 0 1 x         and A n r (x, y) =         yU (r) n−r · · · yU (r) n−1 yU (r) n yU (r) n−r−1 · · · yU (r) n−2 yU (r) n−1 . . . . . . . . . . . . yU (r) n−2r+1 · · · yU (r) n−r yU (r) n−r+1 U (r) n−r+1 · · · U (r) n U (r) n+1         . Also,( (r+1)n+r(1−k) k ) = U (r) (r+1)n+r .
Applications

Some convoluted relations
We give some convoluted relations according to r -Fibonacci and r -Lucas polynomials. For example, for (x, y) = (1, 1) and r = 1 , Theorem 3 gives Cassini's identities
Corollary 1 For all integers n ≥ 0, we have
and
For (x, y) = (1, 1) and r = 1 , we obtain the known identities for Fibonacci sequences given in [20] ,
Sums of finite terms of r -Fibonacci polynomials and the related companion sequences
In this part, we give an explicit formula for the sums of the terms of the r -Fibonacci polynomial and its companion sequences using a matrix approach, which was used by Kiliç in [17] . Let the sums S of r -Lucas polynomials be defined by
We extend the matrix representation of (U (r) n ) and we define the generating matrix of the sum of r -Fibonacci polynomials.
Let T r (x, y) and R n (x, y) be square matrices of order (r + 2) defined by
We define an (r + 2) × (r + 2) matrix G r (x, y) as follows:
where 1, α 1 , α 2 , . . . , α r+1 are the eigenvalues of T r (x, y) , which are all distinct when we suppose that the discriminant of the corresponding characteristic polynomial of the matrix A r (x, y) is different from zero.
Theorem 4 Let S (r)
n be the sum of the terms of r -Fibonacci polynomials from 1 to n , and
where
and by the definition of the Vandermonde matrix det(G
is invertible), so we can write identity (3.5) as follows:
, and equating the corresponding entries, the identity is realized.
2
Now, we deduce the expression for the sum of the terms of (V (r,s) n ).
Theorem 5 Let S (r,s) n
be the sum of the terms of (V (r,s) n ) from 1 to n , and
, and using relation (3.4) and characterization (2.2) of the sequence
, and then the complete sum is evaluated. In this section, we propose a q -analogue of the r -Lucas polynomials of type s, inspired by the explicit formula of the sequence (V (r,s) n ) n≥0 given by relation (2.2) in Theorem 1. First, we give some notations. Let q ∈ R ,
In an unpublished work, Belbachir et al. gave a generalized q -analogue of r -Fibonacci polynomial
n+1 (z, m), which is a unified approach of Carlitz and Cigler [12] . They defined
with U (r) 0 (z, m) = 0. These polynomials satisfy the following recurrences:
and 
Some specializations follow.
For s = r = 1 , we obtain the q -Lucas polynomials of the first kind and the q -Lucas polynomials of the second kind given in [7] .
For s = 1 , we obtain the q -analogue of the r -Lucas polynomials of the first kind and the q -analogue of the r -Lucas polynomials of the second kind defined in an unpublished work.
Now we establish some links with the initial r -Fibonacci polynomial. 
Theorem 6 For nonnegative integers r, s , the polynomials V
n weighted by (s + 1) :
n and U (r) n−r : 10) and
Proof
We give the proof of the two first relations. The approach is similar for the others.
and For example, as illustrated in Figures 2, 3 , and 4, when n = 5 and r = 3 , the first 3 bracelets are in-phase and the others correspond to an unphased bracelet where the 4 -omino is covering cells We have by relation (1.1) and Theorem 1 the following:
and Thus, the number of ways to cover the n -board is
Now we give a combinatorial interpretation of V (r,s) n (1 ≤ s ≤ r) being a nonnegative integer.
Theorem 7 Let n, r , and s be nonnegative integers, and let V (r,s) n count the number of ways to tile an nbracelet with colored squares of parameter color x and (r + 1) -ominos of parameter color y , with the first s authorized positions in the zero fixed point of the bracelet.
Proof
We have V
, where V (n, k) counts the number of ways to tile an nbracelet with squares of parameter color x and exactly k (r + 1) -ominos of parameter color y , with the first s authorized positions in the zero fixed point of the bracelet. Note that the number V (n, k) is given by
there is no (r + 1) -omino covering cells 1 and n , the bracelet is in-phase, and then the number of ways to tile the n -bracelet is the same as the number of ways to tile an n -board, which is given by 
which produces the result by summing these numbers. 2
Extension of (U (r)
n ) n and (V (r,s) n ) n to negative indices Note that the Binet formula permits us to extend the definitions of U (r) n and V (r,s) n to negative n s.
Proposition 2 Let x, y be reversible elements of a unitary ring A. For integers n ≥ 0 and r ≥ 1 , the terms of the sequence (U (r)
−n ) n satisfy the following recurrence relation:
Proof We replace n → −n + r in the Binet formula. 2
Lemma 2 For any integers m, r , we have
Proof The proof is easy by induction and Pascal's rule. 2
Theorem 8 For n ∈ N, (U (r)
−n ) n≥1 satisfy the two following equivalent identities: Proof Using Lemma 1, we consider the sequence W n defined by
n−r , with a 1 = a 2 = · · · = a r−1 = 0 , a r = −xy −1 , and a r+1 = y −1 . Notice also that for 1 ≤ j ≤ r
Finally, the sequence (y n ) n is given by the expression
Now, applying Lemma 1, we get the expression of (W n ) n in terms of (λ n ) and (y n ) for n ≥ 0:
The positiveness of r s corresponds to the fact that elements −n using the corresponding Binet formula.
Theorem 9 Letting r and s be nonnegative integers such that
−n−r , (6.5) and also, we get the explicit form for n ≥ 1 :
Equivalently,
with V (r,s) 0 = s + 1, and [r | n] = 1 for r dividing n and 0 otherwise; for the notation, see [16] .
We may restrict the first sum to integers k ranging between ⌊n/(r + 1)⌋ and ⌊(n − 1)/r⌋ ; the second summation is limited to those integers k lying between 1 and ⌊n/(r + 1)⌋ , which satisfy r divides (n − k).
Proof
We give the proof of the first identity given by relation (6.6). The proof of the second one, (6.7), can be obtained easily using the same approach. Then, applying relations (6.5) and (6.3), we obtain
which gives the result. 2
We deduce that characterization (2.2) of sequences (V (r,s) n ) given in Theorem 1 is satisfied for n ∈ Z . Theorems 8 and 9 given previously allow us to produce some applications. For instance, we have the following:
Its companion sequences at negative indices for s = 1, 2 are given by the following identities:
Incomplete r -Lucas and hyper r -Lucas polynomials of type s
In this section, we define the incomplete r -Lucas and hyper-r -Lucas polynomials of type s. For simplicity of notation, we introduce:
U n , V n for the r -Fibonacci and r -Lucas polynomials, U n (k), V n (k) for the incomplete r -Fibonacci and r -Lucas polynomials,
for the hyper-r -Fibonacci and hyper-r -Lucas polynomials.
Incomplete r -Lucas polynomials of type s
In [25] , the incomplete r -Fibonacci polynomials are given by
In this subsection, we give a unifying expression of the incomplete r -Lucas polynomials of type s, which generalizes identity (1.2) given by Tasci et al. in [25] .
Definition 4 For r, s nonnegative integers such that 1 ≤ s ≤ r , the incomplete r -Lucas polynomials of type s is defined as
V n (k) = k ∑ j=0 n − (r − s)j n − rj ( n − rj j ) x n−(r+1)j y j , 0 ≤ k ≤ ⌊n/(r + 1)⌋. (7.2) For k = ⌊n/(r + 1)⌋ V n (k) = V n ,
we obtain the r -Lucas polynomials of type s.
For x = y = 1 , s = r = 1 , we get the incomplete Lucas numbers [15] .
For x = 2 , y = 1 , and s = r = 1 , we get the incomplete Jacobsthal-Lucas numbers [14] .
In the following, we give a recurrence relation for the incomplete r -Lucas polynomials of type s .
Theorem 10
The incomplete r -Lucas polynomials of type s satisfy the following recurrence:
3)
The following theorem gives a relationship between the incomplete r -Lucas polynomials of type s and the incomplete r -Fibonacci polynomials.
Theorem 11 Let r, s be nonnegative integers, such that 1 ≤ s ≤ r . The incomplete r -Lucas polynomials of type s satisfy the following recurrence relation:
Proof Using relation (7.2), we have
The following theorem provides a nonhomogeneous relation for the incomplete r -Lucas polynomials of type s.
Theorem 12 Let r, s be nonnegative integers, such that 1 ≤ s ≤ r . The incomplete r -Lucas polynomials of type s satisfy the following nonhomogeneous relation:
Proof The proof is done using relations (7.2) and (7.3). 2
Generating function of the incomplete r -Lucas polynomials of type s
The lemma given below allows us to introduce the generating function of the incomplete r -Lucas polynomials of type s. 6) where G(t) is the generating function of (α n ) .
Theorem 13 The generating function of the incomplete r -Lucas polynomials of type s is
Proof From (7.2), we have V n (k) = 0 for 0 ⩽ n < k(r + 1) , and then for n ⩾ k(r + 1) we have
(see [24] , page 355). Thus, from Lemma 3,
we find the generating function of sequences (V n (k)) for 1 ⩽ s ⩽ r . 2
Hyper-r -Fibonacci polynomials
Let (a n ) and (a (n) ) be two real sequences. Bahsi et al. [2] defined the symmetric infinite matrix associated to these sequences by the following recursive formula:
where a (k) n represents the k th row and the n th column entry,
. ya
The entry a (k) n has the following expression:
As an application, we define the bivariate hyper r -Fibonacci polynomials as follows:
Definition 5
For m ⩾ 0, the bivariate hyper r -Fibonacci polynomials are defined by the following recurrence relation:
n+1 .
(7.9) Relation (7.9) can be written as follows:
Some particular cases of hyper-r -Fibonacci polynomials are: For r = 1 , x = 1 , and y = 1 , U
[m]
n , we get hyper-Fibonacci numbers [2] . For r = 1 , x = 2 , and y = 1 , U
n , we get hyper-Pell numbers [1] . For r = 1 , x = 1 , and y = 2 , U
n , we get hyper-Jacobsthal numbers.
As a result of (7.8), the bivariate hyper-r -Fibonacci polynomial can be expressed as a sum of binomial coefficients and r -Fibonacci polynomial:
Combinatorial interpretation
This section deals with a combinatorial interpretation of relation (7.9) and the explicit formula of the bivariate hyper-r -Fibonacci. polynomials 
Theorem 16 The hyper-r -Fibonacci polynomial U
[m] n satisfies the following nonhomogeneous recurrence relation:
Proof Using relations (7.9) and (7.12), we have
The following result implies that every r -Fibonacci polynomial can be written as a sum of hyper-rFibonacci polynomials and incomplete r -Fibonacci polynomials.
Theorem 17
For m ⩾ 1 and n ⩾ 0, we have
(7.14)
Proof It follows by equations (7.1) and (7.12). 2
Hyper-r -Lucas polynomials
Now we start by giving the definition of the hyper-r -Lucas polynomials of type s. Then we give an explicit formula in terms of s and the hyper-r -Fibonacci polynomials. Proof We prove the Theorem by double induction on n and m . The idea of this proof was already used by
Belbachir and Belkhir in [3] .
n . Relation (7.16) is clearly satisfied for n + m = 0 and n + m = 1 . Then we suppose that it is satisfied for all p < n + m + 1 , and we prove it for p = n + m + 1 . Using (7.15), we have 
2 As a consequence of (7.15) and (7.16), a nonhomogeneous relation of the hyper-r -Lucas polynomials of type s is given as follows: Proof We obtain the proof using relations (7.12) and (7.16). Proof The proof is obtained using relations (7.14) and (7.18). 2
